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We present a computational method to directly calculate and visualize the directional components of
the Coulomb, radiation, and total electromagnetic fields, as well as the scalar and vector potentials,
generated from moving point charges in arbitrary motion with varying speeds. We explicitly calcu-
late the retarded time of the point charge along a discretized grid which is then used to determine
the fields and potentials. Our computational approach, implemented in Python, provides an intu-
itive understanding of the electromagnetic waves generated from moving point charges and can be
used in conjunction with grid-based numerical modeling methods to solve real-world computational
electromagnetics problems. The method can also be used to help students visualize problems related
to moving potentials, which are often only treated analytically for very simple problems, and can
be used to compute electromagnetic sources for non-trivial electron beams with other approaches in
computational electromagnetics.
I. INTRODUCTION
The electric and magnetic fields generated from moving
point charges are often complex and unexpected compared
to their static counterparts. In particular, for moving point
charges, there is a “correction” to the retarded Coulomb
field which is proportional to the rate of change of the re-
tarded Coulomb field multiplied by the retardation delay,
defined as the time it would take light to travel from the
charge to the field point at speed c. If the charge is ac-
celerating, there is an additional term in the electromag-
netic (EM) field expressions, known as the radiation field,
which is proportional to the second derivative of the vector
directed from the charge at the retarded time towards the
field point [1]. In homogeneous environments, the radiation
field decreases as 1/r from the point charge and is responsi-
ble for the EM radiation produced by moving charges that
propagates to infinity.
Retarded potentials and their solutions represent a spe-
cial place in electrodynamics, generalizing Poisson’s equa-
tions to account for time dependence and retardation ef-
fects. Unlike Maxwell’s equations, the potentials have
a freedom of gauge where the potential need not satisfy
causality, though the “physical fields” derived from these
potential fields must. Traditionally, such potentials are in-
troduced in advanced or retarded forms, and involve com-
plicated integrations with respect to advanced or retarded
time [2]. The potentials also appear naturally in quan-
tum field theories, and some may argue they are more fun-
damental than the physical fields, explaining such pecu-
liarities as the Aharonov–Bohm effect [3]. While elegant
and insightful, there are only a few known cases where
an analytical solution for the potentials exists. These of-
ten involve fairly complex vector calculus and can leave
many students struggling to visualize or appreciate the so-
lution. It is therefore unfortunate that few computational
approaches have been developed to model such moving po-
tential problems [4]. Unlike many acclaimed simulation
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tools with Maxwell’s equations, such as the finite-difference
time-domain (FDTD) method, there are no well known ap-
proaches to computationally solving problems with moving
charges directly in space and time.
In this paper, we introduce a direct numerical modelling
technique to solve retarded time problems of moving point
charges. The simulation is implemented in Python 3.8 for
full three-dimensional problems and is optimized for com-
putational efficiency. Our program allows the user to di-
rectly visualize how the different EM fields and potentials
are formed using numerical methods to determine the re-
tarded time of the particle at different points in space. So-
lutions of retarded potential problems are not just an inter-
esting academic study, but have direct relevance on emerg-
ing experiments with high-energy electron sources, such as
electron-energy loss spectroscopy (EELS) [5, 6] and vortex
EELS [7, 8]
The rest of our paper is organized as follows: in Sec. II,
we present the main theoretical background of moving
point charges in electrodynamics, including the celebrated
Lie´nard–Wiechert potentials [9] and expressions for the
electric and magnetic fields. In Sec. III, we show a se-
lection of results and examples that can be studied with
our computational code, including the EM fields gener-
ated from a fast oscillating charge and an oscillating dipole.
We also explore the phenomena of synchrotron radiation,
Bremsstrahlung, and the fields formed from a simple mov-
ing charge with constant velocity, as well as with constant
acceleration. We present our conclusions in Sec. IV. The
simulation code is freely available for download and use at
Ref. 10.
II. THEORY AND COMPUTATIONAL
IMPLEMENTATION
The charge and current densities of a point charge q at
the position rp(t) with velocity cβ(t) are, respectively,
ρ (r, t) = qδ [r− rp (t)] , (1)
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2J (r, t) = qcβ(t)δ [r− rp (t)] . (2)
The vector and scalar potentials of a moving point charge
in the Lorenz gauge, known as the Lie´nard–Wiechert po-
tentials [9], are derived from Maxwell’s equations as
Φ(r, t) =
q
4pi0
[
1
κR
]
ret
, (3)
A(r, t) =
µ0q
4pi
[
β
κR
]
ret
, (4)
where R = |r − rp(t′)|, κ = 1 − n(t′) · β(t′) such that
n = (r− rp(t′))/R is a unit vector from the position of the
charge to the field point, and the quantity in brackets is to
be evaluated at the retarded time t′ given by
t′ = t− R(t
′)
c
. (5)
The physical (gauge-invariant) electric and magnetic
fields generated from a moving point charge can be ob-
tained using various approaches, including deriving them
directly from their scalar and vector potentials [2, 11]:
E (r, t) =
q
4pi0
[
(n− β) (1− β2)
κ3R2
+
n
cκ3R
×
[
(n− β)× β˙
] ]
ret
, (6)
B =
1
c
[n×E]ret , (7)
where β˙ is the derivative of β with respect to t′. The first
term in Eq. (6) is known as the “Coulomb field” and is
independent of acceleration, while the second term is known
as the “radiation field” and is linearly dependent on β˙:
ECoul =
q
4pi0
[
(n− β) (1− β2)
κ3R2
]
ret
, (8)
Erad =
q
4pi0c
[ n
κ3R
×
[
(n− β)× β˙
]]
ret
. (9)
Notably, the Coulomb field falls off as 1/R2, similar to the
static field, while the radiation field decreases as 1/R. The
Coulomb and radiation field terms from the total magnetic
field can be determined by substituting Eqs. (8) and (9)
into Eq. (7).
To computationally solve the above equations, our sim-
ulation determines the retarded time t′ of a moving point
charge in arbitrary motion at each time step using Newton’s
method to calculate the approximate solution of Eq. (5)
for t′. For the simulations, the trajectories of the moving
point charges, including the velocities and accelerations at
each time step, are known a priori. We simulate an arbi-
trary number of point charges by exploiting the superpo-
sition principle for EM fields and potentials. In addition
to specifying the particles’ trajectories beforehand, their
motion could be determined numerically at each time step
using the Lorentz force: F = qE + qv ×B, where v is the
instantaneous velocity of the point charge and the E and B
fields are generated from other charges in the simulation.
The scalar and vector potentials are calculated at each
time step from Eqs. (3) and (4) using the previously de-
termined retarded times at each grid point. The to-
tal, Coulomb, and radiation fields are computed using
Eqs. (6), (8), and (9) for the respective electric fields; the
corresponding magnetic fields are calculated from Eq. (7).
The simulation was written in Python 3.8 and is avail-
able at Ref. 10, which includes the code used to produce
the figures in this paper and the corresponding figure an-
imations. The program allows the user to specify the
charge and trajectory of each point charge in the simu-
lation. The code is optimized using vectorized operations
from the NumPy package to compute the retarded time
of the particles, as well as the potentials and fields, along
the grid. The program runs O(n) with respect to both the
number of particles in the simulation and the number of
grid points. Using an Intel Core i5-8250U 1.60 GHz CPU,
the electric and magnetic fields generated by a single mov-
ing point charge can be calculated at each point in a three
dimensional grid of size 100 × 100 × 100 in approximately
2.1 seconds.
The figures shown in Sec. III are the steady-state solu-
tions of the EM fields generated from various moving point
charge configurations. These snapshots were captured af-
ter a sufficient time duration had elapsed since the point
charges began moving from their initial stationary state.
The transient behaviour of the fields can be seen in the
accompanying animations.
III. RESULTS
A. Oscillating Single Charge
First, we simulate a single positive charge oscillating si-
nusoidally along the x axis, with an amplitude of 2 nm and
reaching a maximum speed of 0.5c. At this speed, the par-
ticle produces radiation with a wavelength λ ' 25.133 nm.
The total, Coulomb, and radiation fields produced from the
accelerating particle are shown in the yz and xz planes in
Figs. 1 and 2, respectively. The total field comprises both
the Coulomb and radiation field, and only the EM field
components with non-zero values are shown. The plots use
a symmetric logarithmic scale that is linear around zero to
allow both positive and negative values. The scalar and
vector potentials, as well as the Poynting vector for the ra-
diation field Srad =
1
µ0
(Erad ×Brad), are shown in the xz
plane in Fig. 3.
B. Oscillating Electric Dipole
Electric dipole radiation is usually responsible for the
radiation emitted in the electronic transitions of atoms
or molecules, and can describe the scattered light by a
nanoparticle in a laser beam to the first approximation [12].
3−25
0
25
(a) (b) (c)
−25
0
25
(d) (e) (f)
−25
0
25
z
[n
m
]
(g) (h) (i)
−25
0
25
(j) (k) (l)
−25 0 25
−25
0
25
(m)
−25 0 25
y [nm]
(n)
−25 0 25
(o)
−107
−106
−105
0
105
106
107
E
x
[N
/C
]
−107
−106
−105
0
105
106
107
E
y
[N
/C
]
−107
−106
−105
0
105
106
107
E
z
[N
/C
]
−10−1
−10−2
−10−3
0
10−3
10−2
10−1
B
y
[T
]
−10−1
−10−2
−10−3
0
10−3
10−2
10−1
B
z
[T
]
Figure 1. EM fields from a sinusoidal oscillating positive point
charge along the x axis with an amplitude of 2 nm and a maxi-
mum point charge speed of 0.5c, yielding an angular frequency
ω ' 7.495 × 1016 s−1. Snapshots in the yz plane where the
charge is at position x = −2 nm. The total, Coulomb, and radi-
ation fields are plotted from left to right: (a)–(c) Ex; (d)–(f) Ey;
(g)–(i) Ez; (j)–(l) By; (m)–(o) Bz.
Here, we simulate a physical dipole oscillating sinusoidally
along the x axis with an amplitude of 2 nm and a maxi-
mum particle speed of 0.5c. The EM fields generated from
the charges are shown in the yz and xz plane in Figs. 4
and 5, respectively. The potentials and Poynting vector for
the radiation field are shown in the xz plane in Fig. 6. As
expected from the analytical solutions for a moving dipole,
there is no radiation emitted along the axis of the dipole.
C. Synchrotron Radiation
Synchrotron radiation is produced when charged parti-
cles are accelerated radially. This can be achieved in syn-
chrotrons, which are high-energy particle machines that in-
ject charged particles into roughly circular orbits. Syn-
chrotrons behave like huge excited antennas radiating EM
energy with a broad spectrum that contains the frequency
of revolution and the corresponding harmonics [13].
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Figure 2. EM fields in the xz plane from a sinusoidal oscillating
positive point charge as shown in Fig. 1. The total, Coulomb,
and radiation fields are plotted from left to right: (a)–(c) Ex;
(d)–(f) Ez; (g)–(i) By.
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Figure 3. Potentials and Poynting vector in the xz plane of a
sinusoidal oscillating positive point charge as shown in Fig. 1.
(a) x component of the vector potential; (b) scalar potential;
(c) Poynting vector for the radiation field in radial direction rˆ.
We directly simulate a radially accelerating positive point
charge that follows a circular trajectory with a radius of
2 nm and a speed of 0.5c along the xy plane. The EM
fields in the xz and xy planes are shown in Figs. 7 and 8,
respectively, and the potentials and Poynting vector for the
radiation field in the xy plane are shown in Fig. 9.
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Figure 4. EM fields from a sinusoidal oscillating electric dipole
along the x axis with an amplitude of 2 nm and a maximum
point charge speed of 0.5c, yielding an angular frequency ω '
7.495×1016 rad/s. Snapshots in the yz plane where the positive
charge is at position x = −2 nm and the negative charge is at
x = 2 nm. The total, Coulomb, and radiation fields are plotted
from left to right: (a)–(c) Ex; (d)–(f) By; (g)–(i) Bz.
D. Linear Acceleration
The total power radiated by a point charge as it acceler-
ates has a well-known solution given by the Larmor formula
for non-relativistic point charges [14], while the Lie´nard’s
generalization of the Larmor formula is used to evaluate
particles moving at relativistic speeds. Figure 10 plots the
total electric and magnetic fields of a linearly accelerating
point charge at different times. At t = 0 s, the charge is sta-
tionary and therefore only the Coulomb field is present. As
the particle begins accelerating the EM information travels
outwards radially at the speed c. The EM waves in the
radiation field are emitted in a toroidal shape about the
direction of acceleration that is stretched forward, with re-
spect to the velocity, by the factor 1/(1 − β cos θ)5, where
θ is the angle between the acceleration vector and the unit
vector n [2].
E. Bremsstrahlung
Bremsstrahlung, also known as “braking radiation”,
is produced when a charged particle decelerates.
Bremsstrahlung can occur when a charged particle is
deflected by other charged particles as it travels through
matter. Here, we plot the total electric and magnetic
fields of a linearly decelerating point charge at different
points in time, as shown in Fig. 11. Similar to the linearly
accelerating point charge in Fig. 10, the charge is moving
at a constant velocity at t = 0 s, so only the Coulomb field
is present.
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Figure 5. EM fields in the xz plane from a sinusoidal oscillating
electric dipole as shown in Fig. 4. The total, Coulomb, and
radiation fields are plotted from left to right: (a)–(c) Ex; (d)–
(f) Ez; (g)–(i) By.
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Figure 6. Potentials and Poynting vector in the xz plane of a si-
nusoidal oscillating electric dipole as shown in Fig. 4. (a) x com-
ponent of the vector potential; (b) scalar potential; (c) Poynting
vector for the radiation field in radial direction rˆ.
F. Constant Velocity
Finally, we study the case of a moving point charge with
constant velocity, which is known to not generate a radi-
ation field. Interestingly, the direction of the electric field
points along the line from the present position of the point
5−25
0
25
(a) (b) (c)
−25
0
25
(d) (e) (f)
−25
0
25
(g) (h) (i)
−25
0
25
z
[n
m
]
(j) (k) (l)
−25
0
25
(m) (n) (o)
−25 0 25
−25
0
25
(p)
−25 0 25
x [nm]
(q)
−25 0 25
(r)
−107
−106
−105
0
105
106
107
E
x
[N
/C
]
−107
−106
−105
0
105
106
107
E
y
[N
/C
]
−107
−106
−105
0
105
106
107
E
z
[N
/C
]
−10−1
−10−2
−10−3
0
10−3
10−2
10−1
B
x
[T
]
−10−1
−10−2
−10−3
0
10−3
10−2
10−1
B
y
[T
]
−10−1
−10−2
−10−3
0
10−3
10−2
10−1
B
z
[T
]
Figure 7. EM fields from a radially accelerating positive point
charge orbiting in the xy plane with a radius of 2 nm and a speed
of 0.5c, yielding an angular frequency ω ' 7.495 × 1016 s−1.
Snapshots in the xz plane where the charge is at position
x = 2 nm and y = 0 nm. The total, Coulomb, and radiation
fields are plotted from left to right: (a)–(c) Ex; (d)–(f) Ey; (g)–
(i) Ez; (j)–(l) Bx; (m)–(o) By; (p)–(r) Bz.
charge, and the field flattens in the direction perpendicular
to motion as the charge’s speed increases. The electric field
is reduced in the forward and backwards direction by a fac-
tor (1−β2) relative to the field at rest, and enhanced in the
perpendicular direction by a factor 1/
√
1− β2 [2]. These
relativistic effects can be seen directly in Figs. 12 and 13,
which plot the fields generated from point charges moving
at different constant velocities along the x axis in the xz
and yz planes, respectively.
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Figure 8. EM fields in the xy plane from a radially accelerating
positive point charge as shown in Fig. 7. The total, Coulomb,
and radiation fields are plotted from left to right: (a)–(c) Ex;
(d)–(f) Ey; (g)–(i) Bz.
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Figure 9. Potentials and Poynting vector in the xy plane of a
radially accelerating positive point charge as shown in Fig. 7.
(a) x component of the vector potential; (b) y component of the
vector potential; (c) scalar potential; (d) Poynting vector for the
radiation field in radial direction rˆ.
IV. CONCLUSIONS
We have introduced a computational method to directly
simulate and visualize the EM fields and potentials gen-
erated from moving point charges following several differ-
ent trajectories of motion, including sinusoidal oscillations,
linear and radial acceleration, linear deceleration, and con-
stant velocity. Our program, written in Python 3.8, al-
lows the user to specify the number of charges and their tra-
jectories in three dimensions. The simulation calculates the
Coulomb, radiation, and total fields, as well as the scalar
and vector potentials, at specified grid points in time by
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Figure 10. EM fields from a linearly accelerating positive point charge along the x axis. The charge accelerates from x = 0 nm
while stationary and reaches a speed of 0.99c at x = 30 nm (τ ' 2.022× 10−16 s), accelerating at approximately 1.468× 1024 m/s2.
Snapshots in the xz plane starting at t = 0 s and increasing with equal increments of τ/5 in time from left to right: (a)–(f) total
Ex; (g)–(l) total Ez; (m)–(r) total By.
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Figure 11. EM fields from a linearly decelerating positive point charge along the x axis. The charge begins decelerating from an
initial speed of 0.99c at x = 0 nm and reaches a speed of zero at x = 30 nm (τ = 2.022 × 10−16 s), decelerating at approximately
1.468 × 1024 m/s2. Snapshots in the xz plane starting at t = 0 s and increasing with equal increments of τ/5 in time from left to
right: (a)–(f) total Ex; (g)–(l) total Ez; (m)–(r) Total By.
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Figure 12. EM fields from a positive point charge moving at a constant velocity. Snapshots in the xz plane of point charges with
different velocities at position x = 0 nm. The point charge speeds from left to right are zero, 0.2c, 0.5c, 0.8c, 0.9c, 0.99c: (a)–(f)
total Ex; (g)–(l) total Ez; (m)–(r) total By.
−25
0
25
(a) (b) (c) (d) (e) (f)
−25
0
25
(g) (h) (i) (j) (k) (l)
−25
0
25
z
[n
m
]
(m) (n) (o) (p) (q) (r)
−25 0 25
−25
0
25
(s)
−25 0 25
(t)
−25 0 25
y [nm]
(u)
−25 0 25
(v)
−25 0 25
(w)
−25 0 25
(x)
−107
−106
−105
0
105
106
107
E
y
[N
/C
]
−107
−106
−105
0
105
106
107
E
z
[N
/
C
]
−10−1
−10−2
−10−3
0
10−3
10−2
10−1
B
y
[T
]
−10−1
−10−2
−10−3
0
10−3
10−2
10−1
B
z
[T
]
Figure 13. EM fields from a positive point charge moving at a constant velocity. Snapshots in the yz plane of point charges with
different velocities at position x = 0 nm. The point charge speeds from left to right are zero, 0.2c, 0.5c, 0.8c, 0.9c, 0.99c: (a)–(f)
total Ey; (g)–(l) total Ez; (m)–(r) total By; (s)–(x) total Bz.
8first determining the retarded time at each point. These
simulations provide useful insights to gain an intuitive un-
derstanding of point charge radiation, and can be used as
teaching tools for advanced undergraduate and graduate-
level EM theory courses. Future work includes implement-
ing numerical modeling methods, such as FDTD, to investi-
gate the interactions of these generated fields with physical
nanostructures.
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